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A mathematical  model  of  the evaporation of  a water-emulsion mixture (lubricating agent) in thermal 

treatment of  a synthetic fiber is suggested. It is based on an approximation of  interpenetrating continua. ,4 

substantial effect of  deformation heat losses on the evaporation-front motion is shown. 

Introduction. The production of synthetic fibers is a powerful, strategically important, and very energy 

consuming subbranch of chemical industry [1 1. Optimization of the production of synthetic fibers requires a large 

number of experimental and theoretical investigations of both chemical and heat/mass exchange natures. In the 

production of synthetic fibers their thermal treatment is of great importance. In the process of thermal treatment 

a technical fluid called a "lubricant" is used [1 ] which is applied to the fibers and which is evaporated on heating 

and drawing of the fibers in a thermal chamber called an "iron." The lubricant is an emulsion consisting of up to 

80?/0 water and a variety of polyesters. The process of evaporation of the lubricant from a system of fibers moving 

along the "iron", whose metal surface temperature is constant, is greatly influenced by the drawing of fibers, which 

reduces the fiber diameter several times. The process of fiber deformation requires the expenditure of thermal 

energy transferred from the "iron" and substantially slows down the evaporation process [2 1. The present article 

is devoted to mathematical simulation of lubricant evaporation in a Stefan approximation taking account of the 

thermal energy loss for the deformation (drawing) of a fiber. Our experimental investigations showed that generally 

the effervescence of a lubricant is dependent on its composition. Its boiling temperature lies within 93-100~ 

Hereafter, we shall ignore this effect to remain within the bounds of the prescribed accuracy and assume that 

evaporation begins on the attainment of 100~ at a certain point of the fiber. We shall ignore lubricant evaporation 

at lower temperatures for two reasons: at lower temperatures the partial pressure of the lubricant vapors is 

substantially lower than atmospheric pressure, and the diffusional resistance of noncondensing gases plays a 

retarding role [3 ]. 

Mathematical Model of the Process of Thermal Treatment of Fiber in Drawing. Let us introduce a 

Cartesian coordinate system such that the x axis is criented in the direction of motion of the fiber that enters the 

"iron." The origin of the coordinate system coincides with the beginning of the heated surface of the "iron." The z 

axis is perpendicular to the "iron" surface. Let us approximate the dependence of the velocity v(x) of an element 

of the deformed fiber on the distance x by the following expression: 

v(x)  = v o + ax  = v o (1 + c~X/Vo), (1) 

where v is the initial velocity of the fiber entering the "iron;" the parameter ~ characterizes the degree of the 

deformation of the fiber in the "iron." For many polymer fibers and drawing technologies this important parameter 

is approximately equal to 10. The determination of r is very simple if wc know the length of the "iron" and the 

velocities of the fiber at the entrance to the "iron" and at its exit. Let d(x) be the diameter of the fiber at the distance 

x. Then, by virtue of the continuity equation [3, 4 I and relation C1), considering the cylindrical shape of the fiber, 

we have 
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Fig. 1. Dist r ibut ion of tempera ture  field in section of a deformed fiber at 

d is tance  x from beginning of "iron." 

d (x)  = ~t (Vo /V  (x ) )  ~  , {2) 

where d is the f iber  d i ame te r  at the ent rance  to the "iron." 

We shall  solve the thermal  part  of the problem in an approximat ion  of in te rpenet ra t ing  cont inua [5 ]. This  

will allow us to use a one-d imens iona l  approximat ion  to descr ibe  the tempera ture  field. Thus,  the f iber  t empera tu re  

used below has the following physical  meaning:  this is the mean tempera tu re  in the in ter ior  of the fiber at a constant  

z. Let us now de t e rmine  the effective dens i ty  of the lubricant  Pe in the following manner .  Assume that a lubricant  

layer  of thickness  a is appl ied to a fiber of d iamete r  d, with the lubricant  having the densi ty  p. Then,  the effective 

densi ty  of the lubr icant  is 

Pc = 4dap / (d  + a) 2 , {3) 

As follows from relat ion (3), when a << d, the value of the effective densi ty  is proport ional  to the initial 

thickness of the lubricant .  We note that the conservation law (2) shows that  the effective d e n s i t y p c  does not change 

in the process of drawing.  The  des ignat ions  of the character is t ic  regions of our problem are  given in Fig. 1. In 

region I, the lubr icant  is fully evaporated,  since the tempera ture  within it is above 100~ At the moving front ~(t) 

the lubricant  is being evaporated;  in region II the tempera ture  is not high and there is no evaporation.  For  region 

I we have the equation of heat  conduct ion with a sink: 

CPeOtT (z , t) = ~.V2T (z , t) - I 0 . (4) 

Physical ly,  10 is the volumetric dens i ty  of the energy spent in elongation of the fiber. The  value of I o is unknown,  

however, we may state  that the magni tude  of this pa ramete r  depends  on Young's  modulus of the fiber E and or] 

the pa ramete r  a in t roduced above. Then ,  from dimensional i ty  cons idera t ions  [4 ] it follows that 

1 o = CEct,  

where C is a numerical  constant  that cannot  be de te rmined  within the scope of d imens iona l i ty  theory and that 

usually changes  within the range of from 1 to 10 [3 1. The boundary  condit ions for Eq. {4) in region I have lhc 

form 

T ( - J  2)--T~; T(~)= I00, (5) 

For region 11 we also have the heat  conduction Eq. (4) with the boundary  condit ion 

V T ( d / 2 )  = O, (6) 
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which means  that we ignore heat exchange between the fiber and the heated a i r  compared  with heat  exchange with 

the metal surface of the "iron." To de te rmine  the position of the evaporat ion zone, we have the condit ion 

- 2 g T [ z _ ( _  0 = w s U P e  - AVT] z_~-+O , (7) 

W s -  d r '  

where w S is the Stefan evaporat ion-front  velocity, which actual ly  is of basic interest  for our  problem. Attent ion 

should be given to the fact that the boundar ies  of the regions change not only because of evaporat ion of the 

lubricant ,  but also as a result of deformat ion in drawing. To solve Eq. (4) subject to bounda ry  condi t ions (5) and 

(6) and condit ion (7), we shall  avail ourselves of the technique suggested in [6 ]: for each of the regions a s ta t ionary  

solution for t empera tu re  is constructed,  which is subsequent ly  used in an approx imate  search of the front velocity 

with the a id  of condi t ion (7). It is not difficult to show that the character is t ic  time for the t empera tu re  profile to 

at tain a quas i s la t ionary  regime 

r -= d 2 c p / ; t  

is very small ,  i.e., much smal ler  than the character is t ic  times of the problem. As a result  of appl icat ion of the 

technique from [6 ], we have the following system of o rd ina ry  different ial  equations:  

d x  (8 } 
d-7 = v0 + a x ,  

dt  
d-T = "s  + vd, (9) 

where v d is the rate of change of the boundary  between the regions as a result of the f iber  drawing.  Using Eqs. (1) 

and (2), it is easy to show that in a labora tory  coordinate  system 

v d = - ~ a / 2 .  10) 

After simple calculat ions the expression for w s can be presented  in the form 

2. { l ( 3 d ( x ) -  2~) AT ] 
Ws = - & V  42. (~ + 9 - & ) / 2 )  ' 

11) 

where AT = T1 - 100. 

The  system of Eqs. (8) and (9) was solved numerical ly  with the initial condit ion 

t = 0  x = 0  and -~=-~o,  12} 

so that r = - d / 2 .  

Results of Calculat ions.  Before moving to the results of numerical  calculations,  we should pay a t tent ion  to 

the fact that if we assume in Eq. (I 1) that I = 0 and ignore the change in the fiber d iamete r  due to drawing,  then 

Eq. (11) can be easi ly ignored. As a result,  we have the following expression for the position of the evaporat ion 

front as a function of time, having des ignated  it by Cs: 

f 

+ : V 
�9 ip ,u) 

"{13) 

Finally we shall  cons ider  deformation heat losses of the fiber using Eq. {11). It is obvious that we can introduce 

the d imensionless  cri ter ion M: 
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Fig. 2. Dependence  of d imensionless  coordinate  of lubricant  evaporat ion front 

position ~_(x)/~s(X ) and of the pa ramete r  ~/d(x) on x at different  values of M. 

M - 2AT (14) 
& ' 

If M > >  1, then we can ignore the influence of deformat ion heat  losses. When M << l, natura l ly ,  there is no 

evaporat ion at all. It is impor tant  that  the influence of deformat ion heat  losses is inversely proportional to the square 

of the fiber d iameter ,  Young 's  modulus  of the substance,  and  to the pa ramete r  a .  Thus,  as was proved by numerical  

calculations,  in a number  of cases the evaporat ion front s tar ts  to move only af ter  the deformat ion- induced  decrease  

in the f iber  d iameter .  This  conclusion has a great  appl ied significance. Of the parameters  avai lable in the problem 

considered,  we can form a d imens ionless  complex xd /v  that character izes  the d imensions  of the "iron" and the 

kinematics of the f iber  (see Eq. (1)). 

Figure 2 presents  the dependence  of the position of the d imens ionless  variable ~./~_s and of the important  

technological pa r ame te r  ~/d(x) on the d imensionless  length covered by the fiber in the "iron" at different  values 

of A1. It is seen that a l r eady  when M < 0.5 the motion of the evaporat ion front differs subs tant ia l ly  from the regime 

in which deformat ion  heat  losses are  not taken into account. 

Conclusion.  Numerical  invest igat ion conducted with the a id  of lhe mathemat ica l  model developed showed 

that lubricant  evaporat ion is great ly  inf luenced by the thermal  energy losses in fiber deformat ion,  which are  

de te rmined  by the pa rame te r  a in t roduced in the present  work and by Young 's  modulus of the fiber. It is shown 

thal the velocity of the evaporat ion front is inversely proport ional  to the initial thickness of the lubricant  film and 

to the effective latent  heat  of the evaporat ion of the lubricant  and is direct ly  proport ional  to the initial d i ame te r  of 

the fiber. For technological  purposes of cons iderable  importance is the d imensionless  length of the "iron," which is 

directly proport ional  to its length and pa ramete r  a and is inversely proport ional  to the initial velocity of the fiber. 

N O T A T I O N  

x, path covered by small e lement  of f iber along "iron;" t, current  time; d(x) ,  current  d iamete r  of a f iber  in 

drawing; v, initial velocity of fiber at ent rance  to "iron;" Pe and U, effective dens i ty  and latent heat of evaporat ion 
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of lubricant; ,t and E, thermal conductivity coefficient and Young's modulus of fiber material; M, dimensionless 

similarity parameter (see Eq. (14)); ((x) and ~s(X), coordinates of evaporation front calculated with and withoul 

allowance for deformation heat losses. 
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